
ON THE GEOMETRY OF SPLITTING MODELS
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Abstract. We consider Shimura varieties associated to a unitary group of sig-

nature (n−s, s) where n is even. For these varieties, by using the spin splitting
models from [29], we construct flat, Cohen-Macaulay, and normal p-adic inte-

gral models with reduced special fiber and with an explicit moduli-theoretic

description over odd primes p which ramify in the imaginary quadratic field
with level subgroup at p given by the stabilizer of a π-modular lattice in the

hermitian space. We prove that the special fiber of the corresponding splitting

model is stratified by an explicit poset with a combinatorial description, simi-
lar to [5], and we describe its irreducible components. Additionally, we prove

the closure relations for this stratification.
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1. Introduction

1.1. The goal of this paper is to construct “nice” p-adic integral models of Shimura
varieties over places of bad reduction. We consider Shimura varieties of PEL type,
i.e. moduli spaces of abelian varieties with polarization, endomorphisms and level
structure, which are associated to unitary similitude groups of signature (r, s) over
an imaginary quadratic field K. These Shimura varieties have canonical models
over the “reflex” number field E which is the field of rational numbers Q if r = s
and E = K otherwise.

One of the basic problems regarding the arithmetic of Shimura varieties is the
construction of such well-behaved integral models over the ring of integers OE .
The behavior of these depends very much on the “level subgroup”. Here, the level
subgroup is the stabilizer of a π-modular lattice in an even dimensional n hermitian
space. (This is a lattice which is equal to its dual times a uniformizer.)

By using work of Rapoport-Zink [24] we first construct p-adic integral models,
which have simple and explicit moduli descriptions but are not always flat. These
models are étale locally isomorphic to certain simpler schemes the naive local mod-
els. Following the work of the second and third author [29], we consider a variation
of the above moduli problem, the splitting models, where we add in the moduli
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problem an additional subspace in the deRham filtration Fil0(A) ⊂ H1
dR(A) of the

universal abelian variety A, which satisfies certain conditions. This is essentially
an instance of the notion of a “linear modification” introduced in [15]. Then, by
employing similar methods that were used in the work of the first author with V.
Hernadez [5], we study the special fiber of these models. In particular, we intro-
duce and study a similar combinatorial stratification for which we can compute the
closure relations. Then for any signature (n − s, s), we show that these splitting
models, which have an explicit moduli-theoretic description, are normal, Cohen-
Macaulay and flat with reduced special fiber. Lastly, as an application we compare
how this stratification relates to the Kottwitz-Rapoport stratification.

It turns out that studying splitting models is a very fruitful way to get nice inte-
gral models of Shimura varieties and even integral models with semi-stable reduc-
tion. This method has been exploited in many cases including the Weil restriction
cases in [17] and [4] and the ramified unitary cases in [14], [25], [28], [29], [30] and
[22]. It is worth mentioning that in many of these works, the authors frequently
consider variants of splitting models to obtain an “honest” splitting model, high-
lighting the need for a more general, group-theoretic definition of splitting models.
Lastly, we want to mention that splitting models have found applications to the
study of arithmetic intersections of special cycles and Kudla’s program. For ex-
ample, the Krämer splitting model [14], which has semi-stable reduciton, was used
in the study of the modularity of arithmetic special cycles [6] and the proof of
Kudla-Rapoport conjecture [11].

1.2. Let us give some details. Recall that K is an imaginary quadratic field and
we fix an embedding ε : K → C. Let W be a n-dimensional K-vector space,
equipped with a non-degenerate hermitian form ϕ. Consider the group G = GUn
of unitary similitudes for (W,ϕ) of even dimension n = 2m > 3 over K. We fix
a conjugacy class of homomorphisms h : ResC/RGm,C → GUn corresponding to a
Shimura datum (G,Xh) of signature (r, s). Set X = Xh and assume that s ≤ r.
The pair (G,X) gives rise to a Shimura variety Sh(G,X) over the reflex field E. Let
p be an odd prime number and assume that it is ramified in K. Set K1 = K⊗QQp,
V = W ⊗Q Qp and let π be a uniformizer of K1. Assume that the hermitian form
ϕ splits on V , i.e. there is a basis e1, . . . , en such that ϕ(ei, en+1−j) = δij for
1 ≤ i, j ≤ n, and define

Λi = spanOK1
{π−1e1, . . . , π

−1ei, ei+1, . . . , en}

the standard lattices in V . Next, consider the stabilizer subgroup

Pm := {g ∈ GUn | gΛm = Λm}

which is a special maximal parahoric subgroup in the sense of Bruhat Tits theory
[27] (see also [18] for more details).

Choose a sufficiently small compact open subgroup Kp of the prime-to-p finite
adelic points G(Apf ) of G and set K = KpP{m}. The Shimura variety ShK(G,X)
with complex points

ShK(G,X)(C) = G(Q)\X ×G(Af )/K

is of PEL type and has a canonical model over the reflex field E. We set O = OEv

where v the unique prime ideal of E above (p).
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We consider the moduli functor Anaive
K over SpecO given in [24, Definition 6.9]:

A point of Anaive
K with values in the O-scheme S is the isomorphism class of the

following set of data (A, λ̄, ι, η̄):

(1) A is an abelian scheme over S of dimension n.
(2) λ is a polarization, principal at p.
(3) ι : O → End(A), making the Rosati involution and the complex conjugation

compatible.
(4) η̄ is a level structure away from p.

(See §2.2 for more details.) The functor Anaive
K is representable by a quasi-projective

scheme over O and there is a natural isomorphism

Anaive
K ⊗O Ev = ShK(G,X)⊗E Ev.

As is explained in [24] and [15], the moduli scheme Anaive
K is connected to the

naive local model Mnaive via the local model diagram

Ãnaive
K (G,X)

Anaive
K Mnaive

ψ1 ψ2

where the morphism ψ1 is a G -torsor and ψ2 is a smooth and G -equivariant mor-
phism. Here, G is the smooth Bruhat-Tits group scheme over Spec(Zp) such that
P{m} = G (Zp) and G ⊗Zp Qp = G ⊗Q Qp. In particular, since G is smooth, the

above imply that Anaive
K is étale locally isomorphic to Mnaive. From [20, Remark

2.6.10], we have that the naive local model is never flat and by the above the same
is true for Anaive

K . Denote by Aflat
K the flat closure of ShK(G,X)⊗EEv in Anaive

K . As
in [18], there is a relatively representable smooth morphism of relative dimension
dim(G),

Aflat
K → [G \Mloc]

where the local model Mloc is defined as the flat closure of Mnaive ⊗O Ev in
Mnaive. Here we want to mention that from [20, §8.2.4] we have that Mloc agrees
with the “canonical”, in the sense of Scholze-Weinstein, Pappas-Zhu local model
MP{m}(G,µr,s) for the local model triple (G,µr,s, P{m}); for the definition of the

cocharacter µr,s see (2.1.1).
We now consider the following variation AK of the above moduli problem of

abelian schemes given in [17, Definition 14.1]. A point of AK with values in the
OK1

-scheme S is the isomorphism class of the following set of data (A, λ̄, ι, η̄,G)
such that

(1) The quadruple (A, λ̄, ι, η̄) is an object of Anaive
K (S).

(2) The subspace G satisfying G ⊂ Fil0(A) ⊂ H1
dR(A) of rank s, with the

splitting conditions

OK1
acts by σ1 on G, and by σ2 on Fil0(A)/G,

where Gal(K1/Qp) = {σ1 = id, σ2}.
Here we want to mention that the splitting conditions imply (ι(π) − π)G = (0)
and (ι(π) + π)Fil0(A) ⊂ G. As observed in [29], AK is never flat for any signature

(n − s, s). In loc. cit., the authors considered the closed subscheme Aspl
K ⊂ AK

defined by the additional condition that
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(3) (Spin Condition) The rank of (ι(π) + π) on Fil0(A) has the same parity as
s.

There is a forgetful morphism τ1 : Aspl
K −→ Anaive

K ⊗O OK1
. Also, Aspl

K has the
same étale local structure as the splitting model Mspl; it is a “linear modification”
of Anaive

K ⊗O OK1
in the sense of [15, §2]. Note that there is also a corresponding

forgetful morphism τ : Mspl −→ Mnaive ⊗O OK1
.

1.3. The main result of the present paper is the following theorem.

Theorem 1.1. For any signature (n− s, s) and for every Kp as above, there is a

scheme Aspl
K , flat over Spec (OK1), with

Aspl
K ⊗OK1

K1 = ShK(G,X)⊗E K1,

and which supports a local model diagram

(1.3.1)

Ãspl
K (G,X)

Aspl
K Mspl

πreg
K

qregK

such that:

a) πreg
K is a G -torsor for the parahoric group scheme G that corresponds to
P{m}.

b) qregK is smooth and G -equivariant.

c) Aspl
K is OK1-flat, normal, Cohen-Macaulay and its special fiber is reduced.

Also, Aspl
K has an explicit moduli-theoretic description.

Since every point of Aspl
K has an étale neighborhood which is also étale over

Mspl, it suffices to show that Mspl has the above nice properties. In particular it’s

enough to study the special fiber M
spl

of Mspl. We do this by putting a certain
combinatorial stratification described below.

First let’s consider the special fiber Aspl

K of Aspl
K : recall that the subspace G ⊂

Fil0(A) has rank s. Also, there is a second direct factor G′ ⊂ Fil0(A) of rank r,
which is obtained from G and the polarization λ̄ (see §3 for more details). Define

the subspace Ah,l = {x ∈ A
spl

K |dim (ι(π))Fil0(A) = h, dim G ∩ G′ = l} of Aspl

K .

Using the local model diagram, Ah,l corresponds to the subspace Xh,l of M
spl

(see

Definition 3.10). Now, we are ready to define a stratification on M
spl

.

Proposition 1.2. Let (h, l) be integers with 0 ≤ h ≤ l ≤ s and h, l ≡ s mod 2.
Then

M
spl

=
∐

0≤h≤l≤s
h,l≡ smod 2

Xh,l.

Each stratum Xh,l is nonempty and smooth, and is equidimensional of dimension

rs− (l−h)(l−h−1)
2 .

Moreover we have the closure relations
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Proposition 1.3. Let (h, l) be integers with 0 ≤ h ≤ l ≤ s and h, l ≡ s mod 2.
Then

Xh,l =
∐

0≤h′≤h≤l≤l′≤s
h′,l′ ≡ smod 2

Xh′,l′ .

From the above we can deduce that the irreducible components of the scheme

M
spl

are the closures of Xh,h for h ≡ s mod 2 and 0 ≤ h ≤ s. Also, our computa-
tions show that Mspl is not semi-stable when s > 3. We note that the cases s ≤ 3
have already been addressed in [29] using different techniques, where the authors
proved that Mspl is smooth for the signature (n − 1, 1) and is semi-stable for the
signatures (n− 2, 2) and (n− 3, 3).

Lastly, as we mentioned above, a similar stratification was previously used in
[5] to study the splitting model for the level subgroup I = {0}. In Section 6, we
consider both level structures, i.e. I = {m} and I = {0}. First, we compare the
stratification of the splitting models given by Xh,l with the stratification of the
local models defined by the Schubert cells. Then, we build on this to produce some
affine Demazure resolutions of certain Schubert varieties.

2. Integral models of unitary Shimura varieties

In this section, we construct p-adic integral models of Shimura varieties in the
case of a quasi-split unitary group with a special maximal parahoric level structure.

2.1. Unitary Shimura varieties. First we fix some notation. Let K be an imagi-
nary quadratic field with an embedding ε : K → C. Denote by a 7→ ā the non-trivial
automorphism of K. Let W be a n-dimensional K-vector space, equipped with a
non-degenerate hermitian form ϕ. Assume n ≥ 3 and set WC =W ⊗K,ε C. Choose
a suitable isomorphism WC ≃ Cn, the non-degenerate hermitian form ϕ can be
expressed as ϕ(x, y) = x̄tBy, where

B = diag((−1)(s), 1(r))
(We write a(m) to denote a list of m copies of a). We will say that ϕ has signature
(r, s) with r + s = n. By replacing ϕ to −ϕ if necessary, we can assume that
s ≤ r. To give a complex structure on W ⊗Q R = WC, let J : WC → WC be
the endomorphism given by the matrix −

√
−1H. We have J2 = −id and the

endomorphism J gives an R-algebra homomorphism h0 : C→ EndR(W ⊗QR) with
h0(
√
−1) = J .

Consider the group G = GUn of unitary similitudes for (W,ϕ) of dimension n ≥ 3
over Q:

G(R) := {g ∈ GLK(W ⊗Q R) | ϕ(gx, gy) = c(g)ϕ(x, y), c(g) ∈ R×}.
We define a homomorphism h : ResC/RGm,C → GR by restricting h0 to C×. Since

G ⊗ C ≃ GLn,C × Gm,C, the image of hC(z, 1) : C× → G(C) ≃ GLn(C) × C× is
given by

(2.1.1) µr,s(z) = diag(z(s), 1(r), z),

up to conjugation. This is a cocharacter of G defined over the number field E.
Let Xh be the conjugation orbit of h(i) under G(R). The pair (G,Xh) gives rise

to a Shimura variety Sh(G,Xh) over the reflex field E. (See [18, §1.1] and [15, §3]
for more details on the description of the unitary Shimura varieties.) Let p be an
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odd prime which ramifies in K. We set O = OEv
where v the unique prime ideal

of E above (p). Choose also a sufficiently small compact open subgroup Kp of the
prime-to-p finite adelic points G(Apf ) of G and a parahoric subgroup Kp ⊂ G(Qp).
Set K = KpKp. The Shimura variety ShK(G,Xh) with complex points

ShK(G,Xh)(C) = G(Q)\Xh ×G(Af )/K

is of PEL type and has a canonical model over the reflex field E.

2.2. Integral models of unitary Shimura varieties. It turns out that the para-
horic subgroups Kp are the neutral components of the subgroups of G that stabilize
certain sets of lattices. Set K1 = K ⊗Q Qp and let π be a uniformizer with π2 = p.
Consider V = W ⊗Q Qp. We assume that the hermitian form ϕ is split on V , i.e.
there is a basis e1, . . . , en such that ϕ(ei, en+1−j) = δij for 1 ≤ i, j ≤ n. We denote
by

Λi = spanOK1
{π−1e1, . . . , π

−1ei, ei+1, . . . , en}
the standard lattices in V .

Now let I be a non-empty subset of {0, · · · , ⌊n2 ⌋}. The stabilizer subgroup

PI := {g ∈ G(Qp) | g · Λi = Λi, ∀i ∈ I}.

of G(Qp) is not a parahoric subgroup in general, since it may contain elements with
nontrivial Kottwitz invariant. (See [18, §1.2] or [19, §1.2].) However, since we are
only interested in the special maximal parahoric subgroups in this paper, it turns
out that these subgroups are indeed the stabilizer subgroups for some I.

By [18], the special maximal parahoric subgroups of GUn depends on the parity
of the dimension n. When n = 2m + 1 is odd, there are two special maximal
parahoric subgroups up to conjugate, corresponding to I = {0} and I = {m}. For
I = {0}, integral models for different signatures have been studied by the works of
Pappas [15], Krämer [14], Zachos [28] and Bijakowski-Hernadez [5]. In the case of
I = {m}, integral models for the signature (n− 1, 1) have been studied by Arzdorf
[1] and Richarz [25].

In this paper, we will focus on the special maximal parahoric subgroups when
n = 2m is even. From [18], we have that, in the even dimensional case, there is
a unique special maximal parahoric subgroup up to conjugation, corresponding to
I = {m}. From now on, we fix n = 2m, I = {m} and the parahoric subgroup
Kp = P{m} such that K = KpP{m}.

Let us describe the naive integral model Anaive
K . We let L be the self-dual mul-

tichain consisting of lattices {Λj}j∈nZ±m. Let G = Aut(L) be the smooth group
scheme over Zp with P{m} = G (Zp) the subgroup of G(Qp) fixing the lattice chain

L. Consider the moduli functor Anaive
K over SpecO given in [24, Definition 6.9]:

A point of Anaive
K with values in the SpecO-scheme S is the isomorphism class of

quadruples (A, ι, λ̄, η̄) consisting of:

(1) An object (A, ι), where A is an abelian scheme with relative dimension n
over S (terminology of [24]), compatibly endowed with an action of O:

ι : O → EndA⊗ Zp.

(2) A Q-homogeneous principal polarization λ̄ of the L-set A.
(3) A Kp-level structure

η̄ : H1(A,Apf ) ≃W ⊗ Apf modKp
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which respects the bilinear forms on both sides up to a constant in (Apf )×
(see loc. cit. for details).
The set A should satisfy the determinant condition (i) of loc. cit.

For the definitions of the terms employed here we refer to loc.cit., 6.3–6.8 and
[15, §3]. The functor Anaive

K is representable by a quasi-projective scheme over O.
Since the Hasse principle is satisfied for the unitary group, we can see as in loc. cit.
that there is a natural isomorphism

Anaive
K ⊗O Ev = ShK(G,Xh)⊗E Ev.

The naive integral model Anaive
K is not flat. Denote by Aflat

K the flat closure of
ShK(G,Xh) ⊗E Ev in Anaive

K . One can now consider a variation of the moduli

of abelian schemes Aspl
K by adding in the moduli problem an additional subspace

in the Hodge filtration Fil0(A) ⊂ H1
dR(A) of the universal abelian variety A with

some restricting properties. A point of Aspl
K with values in the OK1-scheme S is the

isomorphism class of the following set of data (A, ι, λ̄, η̄,G) such that

(a). The quadruple (A, ι, λ̄, η̄) is an object of Anaive
K (S).

(b). The subspace G satisfying G ⊂ Fil0(A) ⊂ H1
dR(A) of rank s, with

(2.2.1) OK1
acts by σ1 on G, and by σ2 on Fil0(A)/G,

where Gal(K1/Qp) = {σ1 = id, σ2}.
(c). The rank of (ι(π) + π) on Fil0(A) has the same parity as s.

Remarks 2.1. (1) We call condition (b) the splitting condition and (c) the
spin condition. Condition (c) imitates the definition of the spin condition
(4’) for the corresponding splitting model (see Definition 3.4); we refer the
reader to §3.2 where the spin condition is defined and discussed for the
splitting model.

(2) We note that in the self-dual case, I = {0}, the conditions (a) and (b) are
enough to give you a flat integral model; see [5] and [28]. However, this
does not hold in our case, the π-modular case i.e. where n is even and
I = {m}, as shown in [29, §5, §7].

There is a forgetful morphism

τ1 : Aspl
K −→ A

naive
K ⊗O OK1

defined by (A, ι, λ̄, η̄,G) 7→ (A, ι, λ̄, η̄). In this paper, we will prove that Aspl
K is flat

for any signature (r, s). Thus, the Aflat
K is the scheme-theoretic image of τ1.

3. Splitting models of unitary Shimura varieties

3.1. Local model diagrams. The singularities of Anaive
K are modeled by the naive

local model Mnaive in [24]. As is explained in [15], the naive local model is connected
to the moduli scheme Anaive

K via the local model diagram

Anaive
K

ψ1←− Ãnaive
K (G,Xh)

ψ2−→ Mnaive

where the morphism ψ1 is a G -torsor and ψ2 is a smooth and G -equivariant mor-
phism. Therefore, there is a relatively representable smooth morphism

Anaive
K → [G \Mnaive]
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where the target is the quotient algebraic stack. The closed subscheme Aflat
K of

Anaive
K is a linear modification of Anaive

K in the sense of [15, §2]. In particular, as
in [18], there is a relatively representable smooth morphism of relative dimension
dim(G),

Aflat
K → [G \Mloc].

This of course implies that Aflat
K is étale locally isomorphic to the local model Mloc.

Similarly, Aspl
K is a linear modification of Anaive

K ⊗O OK1
and has the same étale

local structure as the splitting model Mspl (see also [17, §15]). In Section 5, we will

show that Mspl is flat for any signature (r, s) which in turn implies that Aspl
K is also

flat.

3.2. Local Models and Variants. In this section, we will give the explicit defi-
nitions of the local models and their variants that we are interested in.

We use the notation of [18]. Let F0 be a complete discretely valued field with
ring of integers OF0

, perfect residue field k of characteristic ̸= 2, and uniformizer
π0. Let F/F0 be a ramified quadratic extension and π ∈ F a uniformizer with
π2 = π0. Let V be a F -vector space of dimension n = 2m > 3 and let

ϕ : V × V → F

be an F/F0-hermitian form. We assume that ϕ is split. This means that there
exists a basis e1, . . . , en of V such that

ϕ(ei, en+1−j) = δi,j for all i, j = 1, . . . , n.

We attach to ϕ the respective symmetric F0-bilinear form ( , ) : V ×V → F0 given
by

(x, y) =
1

2
TrF/F0

(ϕ(x, y)).

For any OF -lattice Λ in V , we denote by

Λ∨ = {v ∈ V |(v,Λ) ⊂ OF0}
the dual lattice with respect to the symmetric form. The uniformizing element π
induces a OF0 - linear mapping on Λ which we denote by t. Similar to §2.2, we can
define the standard lattices

Λi = spanOF
{π−1e1, . . . , π

−1ei, ei+1, . . . , en},
for i = 0, · · · , n−1, and complete the Λi to a self-dual periodic lattice chain (Λj)j∈Z
by including all the π-multiples, i.e., Λj = π−kΛi for j ∈ Z of the form j = k ·n+ i
with i = 0, · · · , n− 1.

The symmetric form ( , ) induce a perfect OF0
-bilinear pairings

(3.2.1) Λ× Λ∨ ( , )−−→ OF0

for all Λ. Note that Λ∨
i = Λ−i+n. Therefore, when I = {m}, Λm is a self-dual

lattice with respect to the form ( , ).
Consider the unitary similitude group

G := {g ∈ GLF (V ) | ϕ(gx, gy) = c(g)ϕ(x, y), c(g) ∈ F×
0 },

and the cocharacter µr,s = (1(s), 0(r), 1) of D × Gm ⊂ GLn,F × Gm,F ≃ G ⊗ F ,
where D is the standard maximal torus of diagonal matrices in GLn. (See [26] for
more details.) We denote by E the reflex field of {µr,s}; then E = F0 if r = s
and E = F otherwise (see [18, §1.1]). We set O := OE . By fixing the parahoric
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subgroup Kp = P{m}, the cocharacter µ = µr,s, we can now define the naive local

model Mnaive:

Definition 3.1. Mnaive is the functor which associates to each scheme S over
SpecO the set of subsheaves Fm of O ⊗OS-modules of Λm ⊗OS such that

(1) Fm as an OS-module is Zariski locally on S a direct summand of rank n;
(2) Fm is totally isotropic for ( , )⊗OS;
(3) (Kottwitz condition) chart|Fm

(T ) = (T + π)r(T − π)s.

In [18, §1.5.1], the authors define the naive local model Mnaive that sends each
O-scheme S to the families of O ⊗OS-modules (Fi ⊂ Λi ⊗OS)i∈nZ±I that satisfy
the conditions (a)-(d) of loc. cit. Here our conditions (1)-(3) are equivalent to the
conditions (a)-(d). (See [29, §3] for more details).

The functor Mnaive is represented by a closed subscheme, which we again denote
Mnaive, of Gr(n, 2n)⊗ SpecO; hence Mnaive is a projective O-scheme. (Here we de-
note by Gr(n, d) the Grassmannian scheme parameterizing locally direct summands
of rank n of a free module of rank d.) Also, Mnaive supports an action of G .

Proposition 3.2. We have

Mnaive ⊗O E ∼= Gr(s, n)⊗ E.
In particular, the generic fiber of Mnaive is smooth and geometrically irreducible of
dimension rs.

Proof. See [18, §1.5.3]. □

It was observed by [15] that Mnaive fails to be flat in general. The main reason
is that F/F0 is a ramified extension and t = π ⊗ 1 ∈ OF ⊗OF0

OS is nilpotent,
such that the Kottwitz condition fails to impose a condition on the reduced special
fiber. Let Mloc be the scheme theoretic closure of the generic fiber Mnaive ⊗O E
in Mnaive. The scheme Mloc is called the local model. We have closed immersions
of projective schemes Mloc ⊂ Mnaive which are equalities on generic fibers (see [18,
§1.5] for more details).

Proposition 3.3. a) For any signature (r, s), the special fiber of Mloc is integral
and normal and has only rational singularities.

b) For (r, s) = (n− 1, 1), Mloc is smooth.

Proof. See [18, Theorem 5.1] and [18, §5.3]. □

Recall that t = π⊗ 1, π = 1⊗π in OF ⊗OF0
OS and set W = ∧nF (V ⊗F0 F ). The

symmetric form ( , ) splits over V and thus there is a canonical decomposition

W =W1 ⊕W−1

of W as an SO2n(F )-representation (see [23, §7]). For a standard lattice Λi in V ,
we set W (Λi) = ∧n(Λi⊗OF0

OF ) and W (Λi)±1 =W±1 ∩W (Λ). For an OF -scheme

S and ϵ ∈ {±1}, we set

Li,ϵ(S) = im[W (Λi)ϵ ⊗OF
OS −→W (Λ)⊗OF

OS ].
Now we are ready to define the splitting model Mspl.

Definition 3.4. Let Mspl be the moduli space over OF , whose points of an OF -
scheme S are the set of pairs (Fm,Gm), where Fm (resp. Gm) are Zariski locally
OS-direct summands of rank n (resp. s), such that
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(1) 0 ⊂ Gm ⊂ Fm ⊂ Λm ⊗OS;
(2) Fm = F⊥

m, i.e. Fm is totally isotropic for ( , )⊗OS;
(3) (splitting condition) (t+ π)Fm ⊂ Gm, (t− π)Gm = 0;
(4) (spin condition). The line bundle ∧nFm ⊂W (Λm)⊗OF

OS is contained in
Lm,(−1)s(S).

It is easy to see that condition (3) is the equivalent condition (b) in Aspl
K . Also, in

our setting, from [23, Remark 9.9] (see also [29, §7]), we get that the spin condition
can be characterized as the following condition:

(4’) The rank of (t+ π) on Fm has the same parity as s.
(Note that, in [23], the authors assume r ≤ s in [23].) The functor Mspl is repre-

sented by a projective OF -scheme and there is a G -equivariant projective morphism

(3.2.2) τ : Mspl → Mnaive ⊗O OF
which is given by (Fm,Gm) 7→ Fm on S-valued points. (Indeed, we can easily
see, as in [14, Definition 4.1], that τ is well defined.) The morphism τ induces an
isomorphism on the generic fibers (see [14, Remark 4.2]).

In [29], the authors showed that Mspl is smooth for the signature (n− 1, 1) and
has semi-stable reduction for the signatures (n− 2, 2) and (n− 3, 3). In our paper,
we will show that

Theorem 3.5. For any signature (r, s), the splitting model Mspl is flat, normal
and Cohen-Macaulay over OF . The special fiber Mspl ⊗ k is reduced and has s

2

irreducible components when s is even, and s+1
2 irreducible components when s is

odd.

The proof of the above theorem will be carried out in §4 and §5. In particular,
we give a description of the irreducible components of the special fiber in §4 and
we prove the rest of statements in §5.

Corollary 3.6. The integral model Aspl
K is a flat normal, and Cohen-Macaulay

scheme with reduced special fiber.

From the above we deduce that the G -equivariant projective morphism τ factors
through Mloc ⊗O OF ⊂ Mnaive ⊗O OF because of flatness; the generic fiber of all of
these is the same.

3.3. Geometry of the Special fiber of Mspl. In this section, we will show that
the special fiber of Mspl is stratified by an explicit poset with a combinatorial
description. Our work is similar to the work of [5], except that we consider the
special maximal parahoric Kp = P{m} instead of P{0}.

Consider the standard lattice Λm:

Λm = spanOF
{π−1e1, . . . , π

−1em, em+1, . . . , en}
= spanOF0

{π−1e1, . . . , π
−1em, em+1, . . . , en, e1, . . . , em, πem+1, . . . , πen}.

The symmetric matrix of ( , ) in this basis is[
0n Jn
−Jn 0n

]
, where Jn =

[
0m −Hm

Hm 0m

]
and Hm is the unit antidiagonal matrix (of size m). Observe that J2

n = −In. Also,
since s ≤ r and n = 2m = r + s we get that s ≤ m. It is easy to see that
((t±π)Λm)⊥ = (t±π)Λm. From that, we have a perfect pairing between (t+π)Λm
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and Λm/(t + π)Λm. Note that the last lattice is isomorphic to (t − π)Λm via the
multiplication by t− π. Thus there is an induced pairing

{ , } : (t+ π)Λm × (t− π)Λm → OF0

given by the formula {(t + π)x, (t − π)y} = ((t + π)x, y). We call { , } the mod-

ified pairing and denote by W⊥′
the dual space of W ⊂ (t ± π)Λm. Note that

W⊥′ ⊂ (t∓ π)Λm, and one has the formula W⊥′
= (t∓ π)W⊥.

By using the modified pair, we can now measure the “isotropic part” in Gm. Note
that Gm is included in (t+ π)Λm, and is therefore totally isotropic for the original
pairing.

Definition 3.7. For any point (Fm,Gm) ∈ Mspl, we define G⊥′

m ⊂ (t − π)Λm the
dual space of Gm under the modified pairing.

Lemma 3.8. We have G⊥′

m = ((t+ π)−1Gm)⊥ = (t− π)G⊥m
Proof. From the definition of the modified pairing, one gets G⊥′

m = (t− π)G⊥m since

Gm ⊂ (t+ π)Λm. Now, the same relation applied to G⊥′

m instead of Gm gives

Gm = (t+ π)(G⊥
′

m )⊥

which implies that G⊥′

m = ((t+ π)−1Gm)⊥. □

Proposition 3.9. The sublattice G⊥′

m is locally free of rank r, and we have G⊥′

m ⊂
Fm such that

(t− π)Fm ⊂ G⊥
′

m , (t+ π)G⊥
′

m = 0

Proof. Since Gm is locally free of rank s, and since the modified pairing is perfect
between (t+π)Λm and (t−π)Λm, one gets that G⊥′

m is locally free of rank n−s = r.

The inclusion Gm ⊂ Fm gives by duality Fm ⊂ G⊥m = (t − π)−1G⊥′

m , so that

(t− π)Fm ⊂ G⊥
′

m .
The relation (t+π)Fm ⊂ Gm implies Fm ⊂ (t+π)−1Gm, and taking the orthog-

onal one gets the inclusion G⊥′

m ⊂ Fm. Finally, since G⊥′

m is inside (t − π)Λm, one

must have (t+ π)G⊥′

m = 0. □

In the rest of this section, we consider the special fiber of Mspl. For any point
x = (Fm,Gm) ∈ Mspl ⊗ k, note that Gm (resp. G⊥′

m ) are in the lattice tΛm with
dimension s (resp. r).

Definition 3.10. Let x = (Fm,Gm) ∈ Mspl ⊗ k. Set the integers (h, l) as the

dimension of tFm and Gm ∩ G⊥
′

m respectively.

Lemma 3.11. We have 0 ≤ h ≤ l ≤ s and l = s mod 2.

Proof. In special fiber, the space tFm is inside both Gm and G⊥′

m . One has therefore
the inclusions

tFm ⊂ Gm ∩ G⊥
′

m ⊂ Gm.
Taking the dimensions, one gets the inequalities 0 ≤ h ≤ l ≤ s.

Now the modified pairing is between tΛm and itself, and its matrix in the stan-
dard basis is given by −Jn. It is therefore alternating. If we denote by f1, . . . , fs
a basis for Gm, and if A is the matrix ({fi, fj})i,j then A is an skew-symmetric
matrix. Moreover l is equal to the nullity of A. Since the rank of a skew-symmetric
matrix is even, one gets the relation l = s mod 2. □
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The integers (h, l) will give a stratification on Mspl ⊗ k. Note that the spin
condition, (see condition (4’) of Definition 3.4), requires that h = dim(tFm) has
the same parity as s. More precisely, we get:

(3.3.1) Mspl ⊗ k =
∐

0≤h≤l≤s
h,l≡ smod 2

Xh,l.

4. Closure relations

The goal of this section is to compute the closure relations for the strata Xh,l of
Mspl ⊗ k. We have

(0) ⊆ tFm ⊆ Gm ∩ G⊥
′

m ⊆ Gm ⊂ tΛm
with the corresponding ranks 0 ≤ h ≤ l ≤ s ≤ n. Also, recall from the previous
section that h and l have the same parity as s.

Lemma 4.1. Let (h, l) be integers with 0 ≤ h ≤ l ≤ s and h, l = s mod 2. Then

Xh,l ⊆
∐

0≤h′≤h≤l≤l′≤s
h′,l′ ≡ smod 2

Xh′,l′

Proof. As in [5, Proposition 2.9], by the definition of h and l, we can deduce that
h decreases by specialization while l increases by specialization. □

Now, we are ready to prove the main result of this subsection:

Proposition 4.2. Let (h, l) be integers with 0 ≤ h ≤ l ≤ s and h, l = s mod 2.
Then

Xh,l =
∐

0≤h′≤h≤l≤l′≤s
h′,l′ ≡ smod 2

Xh′,l′ .

Proof. By Lemma 4.1, it’s enough to show∐
0≤h′≤h≤l≤l′≤s
h′,l′ ≡ smod 2

Xh′,l′ ⊆ Xh,l.

We will use similar arguments as in the proof of [5, Proposition 2.11]. Let ε be
the unique element in {0, 1} equal to s modulo 2. We first prove that Xε,s lies in
the closure of Xh,l for any h, l with 0 ≤ h ≤ l ≤ s and h = l = s mod 2. Let
x = (Fm,Gm) ∈ Xε,s(k). Given a pair (h, l) with h ≤ l and h = l = s mod 2, we
will find a generalization of x which lies in Xh,l. To do this, we construct a lift x̃
over k[[u]] such that the generic fiber lies in Xh,l. Since (Fm,Gm) ∈ Xε,s we have

Gm ⊆ G⊥
′

m ⊂ Fm. Suppose that

Gm = spank{tf1, . . . , tfs}, G⊥
′

m = spank{tf1, . . . , tfs, tfs+1 . . . , tfr}

and

Fm = spank{tf1, . . . , tfr, tfr+1 . . . , tfn}
if s is even;

Fm = spank{tf1, . . . , tfr, tfr+2 . . . , tfn, f1}



ON THE GEOMETRY OF SPLITTING MODELS 13

if s is odd. By appropriate change of basis we can assume that the corresponding
matrix of { , } with respect to the basis tf1, . . . , tfn is given by:

T =


Is

I r−s
2

−I r−s
2

−Is

 .
Next, we consider a lift of Gm given by

G̃m =M1 =


Is
0
0
X

 ,
where X ∈ Mat(uk[[u]]) and the corresponding sizes are ( r−s2 ) × s, ( r−s2 ) × s and
s× s. If ε = 1, we ask that

X =

[
0 0
0 X0

]
,

where X0 is a square matrix of size s− 1. The orthogonal G̃⊥′
m of G̃m will be a lift

for G⊥′

m and is given by

G̃⊥′
m =M2 =


Is

I r−s
2

I r−s
2

Xt 0 0

 .
Finally, we consider a lift F̃m of Fm inside Λm. Inside this space, we have:

G̃m =

[
0n×n
M1

]
, G̃⊥′

m =

[
0n×n
M2

]
, F̃m =

[
0n×r ∗n×s
M3 M4

]
where

M3 =


Is 0 0
0 I r−s

2
0

0 0 I r−s
2

X 0 0

 .
If ε = 0, we set

M4 =


0
0
0
Is

 , ∗n×s =


W
0
0

XW

 ,
where W is a square matrix of size s. If ε = 1, we set

M4 =


0 0
0 0
0 0
0 0
0 Is−1

 , ∗n×s =


e W
0 0
0 0
0 XW

 , e =


1
0
...
0

 , W =

[
0
W0

]

where W0 is a square matrix of size s− 1. These lifts need to satisfy the conditions
(1)-(4) of Definition 3.4. From the above constructions, it’s obvious that (0) ⊂
G̃m ⊂ F̃m ⊂ Λm, tG̃m = (0) and tF̃m ⊂ G̃m.
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It is enough to check the isotropic condition (F̃m, F̃m) = 0 from above. Note
that ( , ) is symmetric and is given by the matrix[

0n×n −T
T 0n×n

]
.

From the isotropic condition, we get

(4.0.1) W = −W t, (X −Xt)W = 0

when ε = 0, and

(4.0.2) W0 = −W t
0 , (X0 −Xt

0)W0 = 0

when ε = 1. Note that the spin condition, i.e. rk(t̃Fm) = s mod 2, is automatically

satisfied. Indeed, if s is even, we get that rk(t̃Fm) = rk(W ) and W is a skew-

symmetric matrix. If s is odd, then rk(t̃Fm) = 1 + rk(W0), which is odd since W0

is a skew-symmetric matrix.
Finally, observe that when s is even, h = rk(W ) and l = rk(Ker(X −Xt)). For

any couple (h, l) with h, l = s mod 2 and 0 ≤ h ≤ l ≤ s, one can find matrices
X,W such that h = rk(W ) and l = rk(Ker(X − Xt)); this gives a generization x̃
of x and hence the result. The same reasoning applies when s is odd: in that case
one has h = 1 + rk(W0) and l = 1 + rk(Ker(X0 −Xt

0)).
The general case can be deduced by a similar discussion: fix a pair (h, l) with

h = l = s mod 2 and x ∈ Xh,l. We construct lifts x̃ ∈ Xh′,l′ ⊗k k[[u]] for any pair
(h′, l′) with h′ = l′ = s mod 2 and 0 ≤ h ≤ h′ ≤ l′ ≤ l ≤ s. Observe that

(0) ⊆ tFm ⊆ Gm ∩ G⊥
′

m ⊆ Gm ⊂ (tFm)⊥
′
⊂ tΛm

and
(0) ⊆ tFm ⊆ Gm ∩ G⊥

′

m ⊆ G⊥
′

m ⊂ (tFm)⊥
′
⊂ tΛm.

Suppose that

tFm = spank{tf1, . . . , tfh}, Gm ∩ G⊥
′

m = spank{tf1, . . . , tfh, tfh+1, . . . , tfl},

Gm = spank{tf1, . . . , tfl, tfl+1, . . . , tfs}, G⊥
′

m = spank{tf1, . . . , tfl, tfs+1, . . . , tfn−l},
and

(tFm)⊥
′
= spank{tf1, . . . , tfn−l, tfn−l+1, . . . , tfn−h}, tΛm = spank{tf1, . . . , tfn}.

The corresponding matrix T of { , } is given by:

T =


Ih

Il−h
A

B
−Il−h

−Ih

 ,
where

A =

[
I s−l

2

−I s−l
2

]
, B =

[
I r−l

2

−I r−l
2

]
.

Observe that T is skew-symmetric and the matrix of the symmetric form ( , ) is
given by [

−T
T

]
.
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A lift of Gm is given by G̃m =
[
a1 . . . a4

]
where the matrices a1, . . . ,a4 have

the corresponding sizes h× n, (l − h)× n, ( s−l2 )× n, ( s−l2 )× n. In particular,

at1 =
[
Ih 0h×(n−h)

]
, at2 =

[
0(l−h)×h Il−h 0(l−h)×(n−2l) Y t2 0(l−h)×h

]
,

where Y2 ∈ Mat(uk[[u]]) of size (l − h)× (l − h) and

at3 =
[
0 s−l

2 ×l I s−l
2

0 s−l
2 ×(r− l

2 )

]
, at4 =

[
0 s−l

2 × s+l
2

I s−l
2

0 s−l
2 ×r

]
.

Next consider the lift F̃m =
[
b1 b2 b3

]
where the matrices b1,b2,b3 have the

corresponding sizes 2n × (n − l), 2n × h, 2n × l − h. In particular we define these
matrices as follows:

bt1 =
[
0(n−l)×n I(n−l)×(n−l) c 0(n−l)×h

]
,

where ct =
[
0(l−h)×h Y2 0(l−h)×(n−2l)

]
and bt2 =

[
Ih 0h×(2n−h)

]
. Lastly,

bt3 =
[
0(l−h)×h Zt 0(l−h)×(n−2l) (Y2Z)

t 0(l−h)×(n+h−l) Il−h 0(l−h)×h
]

where Z ∈ Mat(uk[[u]]) of size (l − h)× (l − h). We also ask for the pair (G̃m, F̃m)
to satisfy the conditions (1)-(4) of Definition 3.4. The conditions (1) and (3) are
automatically satisfied from the above constructions. From condition (2) we get

Z = −Zt and (Y2 − Y t2 )Z = 0. Also, rk(tF̃m) = h + rk(Z) and rk(G̃m ∩ G̃⊥′
m ) =

h + rk(Ker(Y2 − Y t2 )). Therefore, if we have h ≤ h′ = h + a ≤ l′ = h + b ≤ l for
a, b ≥ 0 even with l − h ≥ b ≥ a then we can find a skew-symmetric matrix Z of
rank a and a Y2 such that rk(Ker(Y2 − Y t2 )) = b ≥ a where (Y2 − Y t2 )Z = 0 (note
that Y2 − Y t2 is a skew-symmetric matrix of size l − h, which is even). □

Next we show that

Proposition 4.3. For all pairs (h, l) with h = l = s mod 2 and 0 ≤ h ≤ l ≤ s,
the stratum Xh,l is nonempty and smooth, and is equidimensional of dimension

rs− (l−h)(l−h−1)
2 .

Proof. The proof follows the same reasoning as the proof of [5, Proposition 2.12].
The only difference is that the modified pairing is alternating rather than symmet-
ric, which leads to different dimensions for the strata Xh,l. □

Corollary 4.4. The irreducible components of the scheme Mspl⊗k are the closures
of Xh,h for h = s mod 2 and 0 ≤ h ≤ s.

Proof. It follows from Proposition 4.3 and the fact that l ̸= h + 1 since l, h have
the same parity. □

Proposition 4.5. The smooth locus of Mspl⊗k is the union of the strata Xh,h for
h = s mod 2 and 0 ≤ h ≤ s.

Proof. From the above it is enough to prove that for each pair (h, l) with h = l = s
mod 2 with h < l there is x ∈ Xh,l such that Mspl ⊗ k is not smooth at x. The
proof is similar to the proof of [5, Proposition 2.14].

We use the notation/basis of the general case in the proof of Proposition 4.2. In
addition, we let Fm = spank{f1, . . . , fh, tf1, . . . , tfn−h}. Next we lift x = (Gm,Fm)
to x′ = (G′m,F ′

m) ∈ Mspl ⊗k k[ϵ]/ϵ2 such that

G′m = spank{tf1, . . . , tfl−1 − ϵtfn−h, tfl + ϵtfn−h−1, . . . , tfs}
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and

F ′
m = spank{f1, . . . , fh, tf1, . . . , tfl−1 − ϵtfn−h,

tfl + ϵtfn−h−1, . . . , tfn−h−1 + ϵfl, tfn−h − ϵfl−1}.

This pair needs to satisfy the conditions (1)-(4) of Definition 3.4. We can easily
see that all the conditions except (2) are automatically satisfied. So we need to
check (F ′

m,F ′
m) = 0. First observe that (tfi, fn−h+i) = 1 for 1 ≤ i ≤ h and

(tfh+i, fn−l+i) = 1 for 1 ≤ i ≤ l − h. Also (tfl+i, f s+l
2 +i) = 1 for 1 ≤ i ≤ s−l

2 and

(tfs+i, fs+ r−l
2 +i) = 1 for 1 ≤ i ≤ r−l

2 . Hence, (F ′
m,F ′

m) = 0 since

(tfn−h−1+ ϵfl, tfn−h− ϵfl−1) = ϵ− ϵ = 0, (tfn−h−1+ ϵfl, tfl−1− ϵtfn−h) = ϵ2 = 0.

We will now prove that this point cannot be lifted to k[ϵ]/ϵ3. Suppose it can and
then consider the elements u1 = tfl−1 − ϵtfn−h + ϵ2tu ∈ G′′m and v1 = tfn−h−1 +
ϵfl + ϵ2fn−h−1 + ϵ2v ∈ F ′′

m such that ϵ2tv ∈ G′′m. Then (u1, v1) = ϵ2 + ϵ2 = 2ϵ2 ̸= 0
and so, (F ′′

m,F ′′
m) ̸= 0. □

Remark 4.6. Even though the irreducible components are the closures ofXh,h, and
Xh,h is smooth, it is not true in general that the irreducible components themselves
are smooth. In particular, our computations show that the irreducible components
that correspond to Xh,h with 1 < h < s are not smooth. Therefore, Mspl is not
semi-stable when s > 3.

5. Flatness and Reducedness of Mspl

Our goal in this section is to show that the splitting model Mspl is flat, normal
and Cohen-Macaulay over SpecOF and its special fiber is reduced. We will first
state and prove the theorem, assuming the computation of the local rings which
will be done in the second part.

5.1. The main result. Recall that ε is equal to 0 if s is even, and 1 otherwise.
We set s′ = s− ε so that s′ is an even integer.

Theorem 5.1. For any signature (n−s, s), the splitting model Mspl is flat, normal
over OF and its special fiber Mspl ⊗ k is reduced.

Proof. As in the proof of [5, Proposition 2.16], it’s enough to consider a local ring
at x ∈ Xε,s. The calculations detailed in the next section give that such a local
ring is given by

WO(k)[U1, . . . , Ua, X, Y, Z,W ]/(W +W t, (Z − Zt +XtY − Y tX)W − 2πIs′),

where WO(k) =W (k)⊗Zp
OF and the sizes of X,Y, Z,W are r−s

2 ×s
′, r−s2 ×s

′, s′×
s′, s′ × s′ respectively, and a is an integer depending on s. Observe that

WO(k)[U,X,Y,T,S,W ]
(W+W t, (T+XtY−Y tX)W−2πIs′ )

−→ WO(k)[U,X,Y,Z,W ]
(W+W t, (Z−Zt+XtY−Y tX)W−2πIs′ )

given by T 7→ Z − Zt and S 7→ Z + Zt. Note that T is skew-symmetric and S is
symmetric. We obtain the following isomorphism

Spec
WO(k)[U,X, Y, Z,W ]

(W +W t, (Z − Zt +XtY − Y tX)W − 2πIs′)
∼=

Aa+
s(s+1)

2

WO(k) × Spec
WO(k)[X,Y, T,W ]

(W +W t, T + T t, (T +XtY − Y tX)W − 2πIs′)
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and the last affine scheme in the above isomorphism is isomorphic to

Spec
WO(k)[X,Y, T,W ]

(W +W t, T + T t, TW − 2πIs′)

given by X 7→ X, Y 7→ Y and T 7→ T − (XtY − Y tX). So, from the above it’s
enough to study and prove the desired properties for the affine scheme

(5.1.1) SpecR = Spec
WO(k)[X,Y, T,W ]

(W +W t, T + T t, TW − 2πIs′)
.

From Lemma 5.2, we get that the special fiber of SpecR is reduced. To show
that SpecR is flat, it is enough to show that it’s topologically flat. We use a similar
argument as in [8, Remark 5.9]. In particular, we have that GLn acts on SpecR
by (T,W )→ (uTut, (ut)−1Wu). The action of GLn(k) on (SpecR)(k) has a finite
number of orbits. After a suitable coordinate change by u we get

T =

 0

(
0 T0
0 0

)
(

0 0
−T t0 0

)
0

 , W =

 0

(
0 0
W0 0

)
(
0 −W t

0

0 0

)
0


with T0,W0 non-degenerate. Observe that T = −T t, W = −W t and TW = 0. For
any lifting T̃0, W̃0, we construct

T̃ =


T̃0

−2π(W̃0

t
)−1

2π(W̃0)
−1

−T̃0
t

 , W̃ =


−2π(T̃0

t
)−1

W̃0

−W̃0

t

2π(T̃0)
−1


where T̃ = −T̃ t, W̃ = −W̃ t and T̃ W̃ = 2πIs′ . Thus, SpecR is topologically flat
and from the above we deduce that SpecR is flat.

Lastly, normality of SpecR easily follows since SpecR is flat with reduced special
fiber and smooth generic fiber. □

Lemma 5.2. Assume that B is a commutative reduced ring and 2 is invertible in

B. Also, assume that m is even and set B′ = B[T,W ]
(W+W t, T+T t, TW ) where W = (wi,j),

T = (ti,j) are matrices of size m×m. Then B′ is a reduced ring.

Proof. The proof uses the same steps that were used in [13, §4] for the symmetric
case. As in loc. cit., the main ingredient of the proof is the existence of a B-
free basis of the quotient ring B′. In our case, such a B-basis was formed by the
“standard tableaux pairs (Ci, Dj)” in [3, Prop. 1.6], such that each pair of tableaux
(C,D) can be written as a linear combination of standard tableaux pairs (Ci, Dj)
(see [3, §1] for the explicit definition of the standard pairs). The rest of the proof
will follow by an induction on m.

If m = 2, then it is easy to see that B′ is reduced. Assume that m ≥ 4 and let
J ⊂ B′ be the ideal generated by the maximal Pfaffian of T . By Proposition [3, Cor.
1.3], J does not contain nilpotents and so it’s enough to prove that B1 := B′/J is
reduced. Note that B1 has a B-basis given by the images of standard pairs (Ci, Di).
From the construction of these pairs, see [3, §1], it follows that the product of w1,2

with any standard pair is again a standard pair and two different standard pairs
remain different, when both multiplied by w1,2. Thus, as in [13, Lemma 4.2], we
deduce that w1,2 is a non-zerodivisor in B1.
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Next, invert w1,2 and mimick [12] (and [13]) to get

(5.1.2) B1[w
−1
1,2]
∼= A[T ′,W ′]/(W ′ + (W ′)t, T ′ + (T ′)t, T ′W ′)

where T ′,W ′ are matrices of size (m−2)×(m−2) andA = B[w1,2, w
−1
1,2, w1,3, . . . , w1,n,

w2,3, . . . , w2,n]. Consider the injective map B1 → B1[w
−1
1,2]. By the inductive hy-

pothesis and (5.1.2), B1[w
−1
1,2] is reduced and thus B1 is also reduced. □

Theorem 5.3. For any signature (n − s, s), the splitting model Mspl is Cohen-
Macaulay over OF .

Proof. From all the above discussion, it’s enough to prove that SpecR is Cohen-
Macaulay and since SpecR is OF -flat, it is enough to prove that its special fiber

SpecR = A(r−s)s′ × Spec
WO(k)[T,W ]

(W +W t, T + T t, TW )

is Cohen-Macaulay. Set R′ =WO(k)[T,W ]/(W +W t, T + T t, TW ). From [3, §2],
we obtain the isomorphism

R′ ≃ S(I)/(a)
where the ideal I is generated by the (s′ − 2)-order Paffians of T , S(I) is the
symmetric algebra of I and a is a non-zero divisor in S(I) (see loc. cit. for the
explicit definition of these terms). By [3, Prop. 2.1] the symmetric algebra S(I)
is isomorphic to the Rees algebra R(I) and by [2] (see also [7]) R(I) is Cohen-
Macaulay. Thus, S(I) is Cohen-Macaulay and so is R′ since a is a non-zero divisor.

□

5.2. Local ring calculations. In this section, we will compute the local ring at a
point located in the closed stratum Xε,s.

Proposition 5.4. Let x be a point in Xε,s. Then the local ring at x is isomorphic
to

WO(k)[U1, . . . , Ua, X, Y, Z,W ]/(W +W t, (Z − Zt +XtY − Y tX)W − 2πIs′)

where W (k) is the Witt ring of k and WO(k) = W (k) ⊗Zp OF . The sizes of

X,Y, Z,W are r−s
2 × s

′, r−s2 × s
′, s′ × s′, s′ × s′ respectively, and a is an integer

depending on s.

Proof. We will give the notations as in the previous section. A lift for Gm is given
by

G̃m =

[
πM
M

]
, where M =


Is
X
Y
Z

 .
The size of the matrices X,Y is r−s

2 × s, and Z is a square matrix of size s. The

space F̃m will automatically contain

[
−πN
N

]
, where N =


0 0

I r−s
2

0

0 I r−s
2

Y t −Xt

 .
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Finally, one adds to F̃m

[
MB − πN1

N1

]
, where N1 =


0
0
0
A

 .
The matrices A,B are square matrices of size s. When s is even, one has A = Is,
and B is a matrix with indeterminate coefficients. When s is odd, one has

A =

[
a0 A1

0 Is−1

]
, B =

[
1 0
B0 B1

]
.

where B1 is a square matrix of size s− 1.

The only condition to check for F̃m is the isotropy condition, from which we have

AtB +BtA = 0, (Z − Zt +XtY − Y tX)B = 2πA.

One gets the desired result when s is even by setting W = B and a = 0.
When s is odd, one gets

a0 = 0, A1 = −Bt0, B1 +Bt1 = 0.

Let Q be the matrix Z − Zt +XtY − Y tX, and write

Q =

[
0 −Qt0
Q0 Q1

]
where Q1 is a square matrix of size s− 1, and Q0 is a vector of size s− 1.
The remaining equations are Q1B1 = 2πIs−1 and Q0 = −Q1B0. Let us decompose
the matrices

Z =

[
z Z2

Z1 Z3

]
X =

[
X1 X2

]
Y =

[
Y1 Y2

]
where Z3 is a square matrix of size s− 1, X1, Y1 are vectors of size r−s

2 and X2, Y2
are r−s

2 × (s− 1) matrices. Then the first equation is

(Z3 − Zt3 +Xt
2Y2 − Y t2X2)B1 = 2πIs−1

which is of the desired form (settingW = B1). The second equation gives the value
of Z1 in terms of Z2, X, Y,B0. One gets the result, with a = r + s − 1, the extra
variables corresponding to z, Z2, X1, Y1, B0. □

Remark 5.5. The spin condition is automatically satisfied. Indeed, the integer h
is given by the rank of the matrix B. It is thus equal to ε+ rkW , and since W is
skew-symmetric, one has h = s mod 2.

The spin condition appears naturally: indeed if s is odd, the same computation
holds for the local rings at points in X0,s. However, the equation (Z −Zt+XtY −
Y tX)W = 2πIs withW skew-symmetric cannot be verified in characteristic 0 since
W cannot be invertible.
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6. Applications

6.1. Relation of Xh,l with Schubert cells. In this section, we will study the

relationship between the stratification of the splitting model Mspl
I over the special

fiber, described by the strata Xh,l (see Definition 3.10), and the stratification of
the local model Mloc

I over the special fiber, given by the Schubert cells indexed by
the µ-admissible set (see [18, §2]).

We focus on two special maximal parahoric subgroups for general signature (n−
s, s): the self-dual case and the π-modular case. The splitting model for the selfdual
case, i.e. I = {0}, n = 2m + 1, has been studied in [5]. In this paper, we consider
the splitting model for the π-modular case, i.e. I = {m} and n = 2m. In both

cases Mspl
I is flat and over the special fiber we have

Mspl
{0} ⊗ k =

∐
0≤h≤l≤s

Xh,l, Mspl
{m} ⊗ k =

∐
0≤h≤l≤s
h,l≡ smod 2

Xh,l.

On the other hand, for the above two level subgroups, the flat local model Mloc
I has

been studied in [18] and its special fiber decomposes into a disjoint union of certain
Schubert cells Cw parametrized by the µ-admissible set

Mloc
I ⊗ k =

∐
w∈Adm(µ)

Cw.

Proposition 6.1. a) Assume I = {0} and pick Cw0 ∈ Mloc
{0} ⊗ k. There exists a

unique 0 ≤ h0 ≤ s such that

τ−1(Cw0
) =

∐
0≤h0≤l≤s

Xh0,l.

b) Assume I = {m} and pick Cw0 ∈ Mloc
{m}⊗k. There exists a unique 0 ≤ h0 ≤ s

with h0 ≡ smod 2 such that

τ−1(Cw0
) =

∐
0≤h0≤l≤s
l≡ smod 2

Xh0,l.

Proof. The proof is similar for both (a) and (b). First observe that the parahoric
subgroup GI acts transitively on the strata Xh,l and on the Schubert cells Cw.
Indeed, let x be a point in Xh,l(k), which corresponds to spaces Fm,Gm inside Λm.
Let f1, . . . , fh be a basis for the complement of Fm∩ tΛm inside Fm. This family is
isotropic, since Fm is totally isotropic. This gives a basis tf1, . . . , tfh of tFm, that
one completes in a basis tf1, . . . , tfl for Gm ∩ G⊥

′

m . This family is isotropic for the
modified pairing. One can complete this family into a basis tf1, . . . , tfn for tΛm
such that Gm is generated by tf1, . . . , tfs, and the matrix of the modified pairing is

Ih
Il−h

Is−l
Ir−l

Il−h
Ih

 ,
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in case (a) and 
−Ih

−Il−h
As−l

Ar−l
Il−h

Ih

 ,

in case (b), where A2κ =

[
0 −Iκ
Iκ 0

]
. All is left to do is to find the vectors

fh+1, . . . , fn, whose multiplication by t gives tfh+1, . . . , tfn, and such that (fi, fj) =
0 (this is the original pairing). This is done inductively; for example if fh+1 is a
vector whose multiplication by t give tfh+1, let αi = (fi, fh+1) for 1 ≤ i ≤ h+1. If
f ′h+1 = fh+1+tx, then the equations (fi, f

′
h+1) = 0 are equivalent to (fi, tx) = −αi,

or {tfi, tx} = −αi. In case (b), one also requires that (f ′h+1, f
′
h+1) = 0, which gives

αh+1 + 2(tx, fh+1) = 0, or 2{tx, tfh+1} = −αh+1. In all cases, this is indeed
possible.

Since, τ is a surjective and GI -equivariant morphism we get that there is a pair
(h0, l) such that τ(Xh0,l) = Cw0 . Since τ is the forgetful morphism which is given
by (F ,G) 7→ F we deduce that all F ∈ Cw0

have rk(tF) = h0. Next, pick an
F ∈ Cw0

. Then, as in the proof of Proposition 4.2 (see also the proof [5, Prop.
2.16] for the selfdual case), we can always pick a certain basis and construct a G
with (F ,G) ∈ Xh0,l for any h0 ≤ l ≤ s modulo the spin condition in case (b). □

6.2. Demazure Resolutions. In this section, we will give affine Demazure resolu-
tions of Schubert varieties by considering closed subschemes in the splitting models.
Note that Richarz considered similar resolutions in the almost π-modular case, i.e.,
n = 2m + 1, I = {m} in [25]. In the presentation of the material we follow [18],
[25].

Assume that k((u))/k((t)) is a quadratic ramified extension with ring of integers
k[[u]]/k[[t]] with u2 = t. Set Γ = Gal(((u))/k((t))). We define the standard lattices
λi:

λi = spank[[u]]{u−1e1, . . . , u
−1ei, ei+1, . . . , en}.

For i ∈ Z, we fix isomorphisms compatible with the action of π ⊗ 1 resp. u⊗ 1

λi ⊗k[[t]] k ≃ Λi ⊗OF0
k.

Let R be a k-algebra. For any R-valued point of the special fiber of Mspl (resp.
Mloc), we have

(6.2.1) 0 ⊂ Gi ⊂ Fi ⊂ (Λi ⊗OF0
k)⊗k R = λi ⊗k[[t]] R.

Let LFi
resp. LGi

be the inverse image of Fi resp. Gi under the canonical projection

λi ⊗k[[t]] R[[t]]→ λi ⊗k[[t]] R.

By using (6.2.1), there is a natural embedding from Mloc ⊗ k to the corresponding
affine flag variety. In particular, when I = {0} or I = {m}, this embedding maps
to the affine Grassmannian. Let G0 (resp. Gm) be the parahoric subgroup with
I = {0} for n = 2m+ 1 (resp. I = {m} for n = 2m). Let

GrG0
= LGUn/L

+G0, GrGm
= LGUn/L

+Gm
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be the corresponding twisted affine Grassmannians. By [19, Theorem 4.1], there
are functional bijection between GrG0(R) (resp. GrGm(R)) and sets of lattices:

GrG0(R) = {L0 ⊂ R((u))n | L∨
0 = L0},

GrGm(R) = {Lm ⊂ R((u))n | L∨
m = uLm}.

We can extend the above lattices to partial selfdual periodic R[[u]]-lattice chains.
More precisely, we have · · · ⊂ uL0 ⊂ L0 ⊂ u−1L0 ⊂ · · · (resp. · · · ⊂ uLm ⊂ Lm ⊂
u−1Lm ⊂ · · ·) with L0 ⊊ u−1L∨

0 = u−1L0 (resp. Lm = u−1L∨
m ⊊ u−1Lm).

As in [19, §1], we denote by T the standard maximal torus of G and by S the
maximal split torus of T . Using G(F ) ≃ GLn(F ) × F×, we identify X∗(T ) with
Zn × Z, thus µr,s = (1(s), 0(n−s), 1). The image λs of µn−s,s in X∗(Tad)Γ = Zm is

equal to (1(s), 0(m−s)). The admissible set for the selfdual case is described in [18,
§2]:

Adm0(µn−s,s) = {λs > λs−1 > · · ·λ1 > λ0 = 0}.
Similarly, for π-modular case, we have

Admm(µn−s,s) = {λs > λs−2 > · · ·}.

with the chain ending in λ1 if s is odd and in λ0 if s is even.
For i = 0, . . . ,m, define

e−λi := diag(u(i), 1(m−i), (−1)i, 1(m−i), (−u−1)(i))

if n is odd, and

e−λi := diag(u(i), 1(m−i), 1(m−i), (−u−1)(i))

if n is even. By [19, §8], we have

Proposition 6.2. The Schubert variety Si ⊂ GrG0
(resp. Si ⊂ GrGm

) has dimen-
sion i(n − i). It is set theoretically a disjoint union of L+G0 (resp. L+Gm)-orbits
given by

Si =

i∐
k=0

L+G0e
−λkL+G0/L

+G0

(resp. Si =

i∐
k=s mod 2

L+Gme
−λkL+Gm/L

+Gm).

Denote by Ci = L+G0e
−λiL+G0/L

+G0 (resp. Ci = L+Gme−λiL+Gm/L+Gm)
the Schubert cell in Si.

Lemma 6.3. There is a natural embedding Mloc
I ⊗k ↪→ GrGI

given by F 7→ u−1LF
for I = {0}, n = 2m+ 1 or I = {m}, n = 2m. The inverse image of Ci is

{F ∈ Mloc
I ⊗ k | rank(tF) = i}.

Proof. For I = {0}, n = 2m + 1, note that the isotropic condition ⟨F ,F⟩ = 0
translates to LF = u2L∨

F : Since ⟨ , ⟩ is a nondegenerate alternating form on
u−1ϕ : (λ0/u

2λ0)× (λ0/u
2λ0)→ k, we obtain

LF = LF⊥ = {x ∈ λ0 | u−1ϕ(x,LF ) ⊂ u · k[[u]]}
= {x ∈ λ0 | ϕ(x,LF ) ⊂ u2 · k[[u]]}
= u2L∨

F .
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By setting L0 = u−1LF , the above relation translates to L0 = L∨
0 . Similarly, for I =

{m}, n = 2m we get Lm := u−1LF = u−1L∨
m by ϕ : (λm/u

2λm)× (λm/u
2λm)→ k.

Therefore, we have an embdedding Mloc
I ⊗ k ↪→ GrGI

.
By the proof of Proposition 6.1, the inverse image τ−1(Ci) is

∐
Xi,l for a fixed

i, so that Ci corresponds to condition rank(tF) = i.
□

We can give a moduli description of the Schubert variety Si. For Si ⊂ GrGI
, it

is the functor on the category of k−schemes whose R valued points are the set of
lattices:

Si(R) = {LI ∈ GrGI
| inv(λI ⊗R,L0) ∈ −AdmI(µn−i,i)}.

We will now consider a resolution Di of Si. For Si ⊂ GrG0
, let Di be the functor

that sends R to the set of pairs of lattices (L0,L′
0) such that

(1).L0 ∈ Si(R);
(2).L′

0 ⊂ u−1L′
0
∨ ⊂ u−1L′

0 such that u−1L′
0
∨
/L′

0 is locally free of rank n− 2i.
(3).λ0 ⊂ L′

0 such that L′
0/λ0 is locally free of rank i.

(4).L0 ⊂ L′
0 such that L′

0/L0 is locally free of rank i.

For Si ⊂ GrGm , a resolution Di of Si is the functor that sends R to the set of pairs
of lattices (Lm,L′

m) such that

(1).Lm ∈ Si(R);
(2).L′

m ⊂ u−1L′
m

∨ ⊂ u−1L′
m such that u−1L′

0
∨
/L′

0 is locally free of rank 2i.
(3).L′

m ⊂ λm such that λm/L′
m is locally free of rank i.

(4).L′
m ⊂ Lm such that Lm/L′

m is locally free of rank i.

Denote by S̃i = L+GI ×L
+Qi (L+QieλiL+GI)/L+GI , where Qi is the parahoric

subgroup that stabilizes the standard lattice chain λ0 ⊂ λi for I = {0} resp.
λm−i ⊂ λm for I = {m}. We have a natural morphism

m : S̃i → Si

given by the multiplication.

Proposition 6.4. For I = {0}, n = 2m+1 or I = {m}, n = 2m, there is a natural

morphism ϕ : S̃i → Di such that the following diagram

S̃i Di

Si

ϕ

m pr1

is commutative and ϕ is an isomorphism.

Proof. Mimic the proof of [25, Proposition 4.4]. Set λ′I = λI ∩ (e−µiλI) for I = {0}
or I = {m}. There is a natural morphism ϕ : S̃i → Di given by

(g1, g2) · (Qi(R[[t]]),GI(R[[t]])) 7→ (g1g2 · λI ⊗k R, g1 · λ′I ⊗k R).
It is easy to see that the diagram commutes. □

Now we want to connect the resolution Di to the special fiber of splitting models
Mspl. Consider the smooth irreducible component Z ⊂ Mspl⊗k, where Z = Xs,s =
{(F ,G) ∈ Mspl ⊗ k | {G,G} = 0}. Here { , } is the modified pairing in Definition
3.7 when I = {m}, n = 2m, and in [5, §2.2] when I = {0}, n = 2m+ 1.
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Proposition 6.5. For I = {0}, n = 2m + 1 (resp. I = {m}, n = 2m), there is
an isomorphism φ : Z → Ds given by (F ,G) 7→ (u−1LF , u

−2LG) (resp. (F ,G) 7→
(u−1LF , uL∨

G)), such that the following diagram is commutative:

Z Ds

Mloc ⊗ k Ss

φ

pr1 pr1

≃

Proof. For I = {0}, n = 2m+1, a point (F ,G) ∈ Mspl⊗k satisfies condition (1)-(4)
in [28, §2.1]. Set LF ,LG the inverse image of F ,G, condition (1)-(4) are equivalent
to

(1). u2λ0 ⊂ LG ⊂ LF ⊂ λ0,
(2). LF = u2L∨

F ,
(3). uLF ⊂ LG ,
(4). uLG ⊂ u2λ0.

Note that the modified pairing { , } = u−2ϕ : (uλ0/u
2λ0) × (uλ0/u

2λ0) → k
gives LG⊥′ = u3L∨

G . Therefore, by setting (L0,L′
0) = (u−1LF , u

−2LG), a point
(F ,G) ∈ Z is equivalent to (L0,L′

0) satisfying

(1). uλ0 ⊂ uL′
0 ⊂ L0 ⊂ u−1λ0,

(2). L0 = L∨
0 ,

(3). L0 ⊂ L′
0,

(4). L′
0 ⊂ u−1λ0.

(5). L′
0 ⊂ u−1L′

0
∨

with rank(L′
0/λ0) = s, rank(L0/uλ0) = n. We claim that (L0,L′

0) ∈ Ds. Indeed,
it is easy to see that L′

0
∨ ⊂ λ∨0 = λ0 ⊂ L′

0. Since λ0 ⊂ L′
0 ⊂ u−1L′

0
∨

and
rank(u−1L′

0
∨
/λ0) =rank(λ0/uL′

0) = n − s, we obtain rank(u−1L′
0
∨
/L′

0) = n − 2s.
Similarly, rank(L′

0/L0) =rank(u−1λ0/L0)−rank(u−1λ0/L′
0) = s.

Conversely, for any point (L0,L′
0) ∈ Ds, we get a pair of points (F ,G) given

by F = L0/uλ0,G = L′
0/λ0. To prove (F ,G) ∈ Z, it is enough to show that

uL′
0 ⊂ L0,L0 ⊂ u−1λ0,L′

0 ⊂ u−1λ0 with correct ranks. Consider the dual of
L′
0 ⊂ u−1L′

0
∨
. We get uL′

0 ⊂ L′
0
∨ ⊂ L∨

0 = L0 and uL′
0 ⊂ L′

0
∨ ⊂ λ∨0 = λ0. Thus,

we have L′
0 ⊂ u−1λ0 and L0 ⊂ u−1λ0 by L0 ⊂ L′

0. It is easy to see that the diagram
is commutative.

The proof of the π-modular case is similar. We only want to mention that the
spin condition is already shown in the condition Lm ∈ Si(R). □

Remark 6.6. Proposition 6.5 shows that the restriction τ |Z : Z → Mloc ⊗ k is a
surjective birational projection morphism, and can be viewed as the affine Demazure
resolution Ds → Ss. By viewing the stratification Xh,l and the Schubert cells Ci,
we have

Z =

s∐
i=1

Xi,s → Mloc =

s∐
i=1

Ci, for I = {0}

Z =
∐

i=smod 2

Xi,s → Mloc =
∐

i=smod 2

Ci, for I = {m}

such that the inverse image of Ci is Xi,s.
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